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Poincare lemma and global homotopy formulas with sharp 
anisotropic Holder estimates in q-concave CR manifolds 



Christine LAURENT-THIEBAUT 



O 

cm: I 

In this paper we prove sharp anisotropic Holder estimates for the local solutions of the 
tangential Cauchy-Riemann equation in q-concave CR manifolds and we derive the same 
^) ■ kind of estimates for global solutions when the manifold is compact. 

It is wellknown since the works by Folland and Stein [2] that the sharp Holder estimates 
for the solutions of the ^-equation have to be ansotropic, the complex tangential directions 
to M playing a special role. We consider two types of anisotropic Holder spaces the spaces 
A p+a and the spaces T p+a , which are defined respectively in Section [2] and in Section [3l 
Our first result is a Poincare Lemma for the db operator : 

> . 

Theorem 0.1. Let M be a q-concave generic CR submanifold of class C 3 and of real 
\ codimension k of an n- dimensional complex manifold X and zq a point in M. For any 

open neighborhood U of zq in M, there exists an open neighborhood V C U of zq and, for 
■ each r such that 1 < r < q — 1 or n — k — q+\<r<n — k, an operator 

Q ! T r : C n ,r{U) — > C nyr (V) 



with the following properties: 

(i)f w = d b T r f + T T+1 d b f, forl<r<q-2orn-k-q + l<r<n-k; 
(H)f\ v = d b T r f, ifr = q-l and d b f = 0; 

(Hi) if f G Al\ a {U), < a < I, then T r f £ Al\ 1+a {V) if M is of class C [£ ^ 1+3 and 
1 < r < q — 1 or if M is of class and n — k — q + \<r<n — k; 

(iv) if f e T p n + a {U), < a < 1, then T r f G T p n + l+a {V) if M is of class 
1 < r < q — 1 or if M is of class C p+2 and n — k — q + l<r<n — k. 



~ 4 ant 



The operators T r are the operators defined in [2]. Theorem 10.11 is already proved in 
[2] (cf. Theorem 5.9) with C l estimates, it is derived from a local homotopy formula 
(cf. Proposition 11.11 of the present paper). The novelty here are the anisotropic Holder 
regularity properties of the operators T r , which are proved in Sections [2] and [3l 

The second result is a global homotopy formula with sharp anisotropic Holder estimates 
for compact CR manifolds. 



A. M.S. Classification: 32V20. 
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Theorem 0.2. Let E be an holomorphic vector bundle over X and M be a compact, 
C 00 -smooth, q-concave generic CR submanifold of real codimension k of an n-dimensional 
complex manifold X. Assume the d b -cohomology group H n ' r {M) vanishes for some r, 

< r < q — 1 or n — k — q+l<r<n — k, then there exist continuous linear operators 

A s : C niS (M,E) ^C„ )S _i(M,£J), s = r ,r + l 

such that: 

(i) For all f G C n . r {M,E) with d b f G C n , r +i{M,E), 

[A-d b f _ if r = 0, 

\d b A r f + A r+1 d b f ifr>\ 

(ii) For allp G N and < a < 1 

A s {A P n% a {M,E)) c A^\ a (M,E) 

and A s is continuous as an operator between A p n % a {M, E) and A P ^"{M, E); 
(Hi) For all p G N and < a < 1 

A s (Ff+f(M,E)) c I*g+*(M,E) 

and A s is continuous as an operator between T^ s a (M,E) and r^^ a (M, E). 

The operators A r are derived from the local operators T r by the globalization pro- 
cess from [7] and [3] . Then Theorem 10.21 follows immediately from Theorem 11.21 and the 
estimates in Sections [2] and 

The Poincare Lemma for the d b operator with sharp anisotropic Holder estimates is 
new in the case of CR manifolds of arbitrary codimension, it was proved first for the 
Heisenberg group and more generally for strictly pseudoconvex hypersurfaces by Folland 
and Stein [4 J . A related result in CR manifolds of arbitrary codimension is a local almost 
homotopy formula with sharp anisotropic Holder estimates proved by Polyakov in [9] , but 
there is a mistake in the construction of the barriers which is corrected in |10j and we 
hope that the same anisotropic estimates hold for his new kernels. 

The global result is not totally new, it is proved in [11] even for abstract CR manifolds 
for the anisotropic Sobolev spaces (Sobolev version of the A p+a spaces) and for the Folland- 
Stein spaces T p+a if r 7^ q — 1. The proof is based on I? theory for the D b operator and 
the Hodge decomposition theorem which gives a global homotopy formula in degree r but 
only if the CR manifold M is (r + 2)-concave. 

Our result contains the important case where M is only 2-concave and r = 1, which 
may be useful in the study of the embeddability of compact CR manifolds (in [11], results 
in degree 1 need the manifold to be 3-concave). 

1 Preliminaries and definitions 

Let (M, .ffo.iM) be a generically embeddable abstract compact CR manifold of class C°° 
and £ : M^McXbea C°°-smooth CR generic embedding of M in a complex 
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manifold X, then M is a compact CR submanifold of X of class C°° with the CR structure 
Hq^M = d£(Ho t iM) = TcM n Tq^X and the tangential Cauchy-Riemann operator d\, 
induced by the Cauchy-Riemann operator d from the complex manifold X. 

An generic CR manifold M is said to be g-concave if its Levi form at each point admits 
at least q negative eigenvalues in all directions. 

Assume M is g-concave, then M is also g-concave and we may apply the results in [2] 
and [7], [3] on local estimates and global homotopy formulas for the tangential Cauchy- 
Riemann operator. 

First let us recall the definition of the usual Holder spaces of forms. If D is relatively 
compact domain in X, then 

- C a (D n M), < a < 1, is the set of continuous functions onDflM which are Holder 
continuous with exponent a on D D M , if a > 0. We set 

||/|| = sup |/(*)|+ sup ~ff C)l (1.1) 

- C l+a (DnM), I E N, < a < 1, is the space of functions of class C l onDnM, whose 
derivatives of order I are in C a (D n M) . 

The Holder space Cl +a (D n M), I e N, < a < 1, is then the space of continuous 
forms onflfl M, whose coefficients are in C l+a {Dr\M). 
In [2] the following result is proved 

Proposition 1.1. Let M be a q-concave generic CR submanifold of X of class C°° . For 
each point in M , there exist a neighborhood U and linear operators 

T r : C° n , r (M) -> C^r^U) , l<r<q and n-k-q+l<r<n-k, 

with the following two properties : 

(i) For all I € N and 1 < r < q or n — k — q+\<r<n — k, 

T r {C l n>r {M)) c C^LliU) 

and T r is continuous as an operator between C l nr (M) and C l J^}_i(U). 

(ii) If f G C\ r (M), < r < q — 1 or n — k — q+l<r<n — k, has compact support 
in U , then on U , 

, \T{d b f ifr = 0, . . 

f = { _ J _ J ' (1.2) 

I dbT r f + T r+ \dbf ifl<r<q— loin — k — q + l<r<n — k. 

and in [7] and [3] we have derive from the previous proposition a global homotopy formula 
by mean of a functional analytic construction: 

Theorem 1.2. Let E be an holomorphic vector bundle over X and M be a compact q- 
concave generic CR submanifold of X of class C°°. Then there exist finite dimensional 
subspaces 7i r of Z%° r (M,E), < r < q — 1 and n — k — q + 1 < r < n — k, where 
TLq = Z^ (M,E), continuous linear operators 

A r : C° >r (M,E) ->C° tr _ 1 (Af,£) J l<r<gandn-A;-g + l<r<n-A; 
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and continuous linear projections 

P r : C° >r (M, E) -» C° )t .(M, F) , 0<r<g-landn-fc-g+l<r<n-fc, 

ImP r = H r , < r < q — 1 and n — k — q+l<r<n — k , (1.3) 

and 

C° r (M, F) n d fe C° r _i(M, F) C Ker P r , 1 < r < q - 1 and n - k - q + 1 < r < n - k, 

(1.4) 

(%) For aZZ i € N and 1 < r < g or n — k — q+l<r<n — k, 

A r {C l 1hr {M,E))dC l ^L\{M,E) 

and A r is continuous as an operator between C l nr (M, E) and C l ^i\{M, E). 

(ii) For all < r < q - 1 or n - k - q+ 1 < r < n - k and f G C° r (M, F) mi/i 
d b f£Cl r+1 (M,E), 



f-Prf 



Md b f i/r = 0, 

dbA r f + A r+ \dbf if 1 <r < q — 1 orn- Zc — g+l<r<n— . 

(1.5) 



We have now to recall the main steps of the construction of the local kernels defining 
the operators T r . 

Let M be a generic Ci? manifold of class C 3 in C n , zq a point in M and Uo an open 
neighborhood of zq in C n and p\,. . . ,pk some functions of class C 3 from Z7o into R such 
that 

M n C/ = {z G Z7 | Pi{z) = ■ ■ ■ = p k {z) = 0} 

and satisfying dpi(z) A • • • A dpk(z) / for z 6 M fl Uq. 
Let C > be a fixed constant, we set, for j = 1, . . . , fc, 



Pi = Pj + C E^ 
i/=i 

P-j = -Pj+ C ^Zp 



(1.6) 



2 



We define X as the set of all subsets I C {±1, . . . , ±k} such that \i\ ^ \j\ for all i,j G I 
with i / j. For I Gl, |/| denotes the number of elements in I, then X(Z), 1 < Z < k, is 
the set of all I G X with |/| = Z and X'(Z), 1 < Z < Zc, is the set of all 7 G X of the form 
7 = («i, . . . , ii) with \i u \ = v for v = 1, . . . , Z. 

If / G X and then is the element with rank in / after ordering / 

by modulus. We set I(p) = I \ {i u }- 

If I el, then 
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sgn/ = 1 if the number of negative elements in / is even 
sgn/ = — 1 if the number of negative elements in / is odd. 
Let (ei, . . . ,e/c) be the canonical basis of set e_j = — ej for every 1 < j < k. Let 
I = (ii, . . . be in 1(1), 1 < I < k, set 

I i 

A I = {x = Y, \ x i > °> 1 < » < h Yj Xi = 

3=1 i=l 

We identify the abstract simplex A/ with the geometric simplex A/ by setting x(X) = 

J2 l j=l X j e ij for an A G Aj 

For all I £ T'(k), we denote by /* the multi-index *), where I = . . . ,ik), 

and by *) the set of all multi-indexes /*, with / G T'(k). We set = + • • • + Pk) 
and pa = Aipi a H h Afep ifc + A*p* for A = (Ai, . . . , Xk, A*) G A/*. 

We denote by D a relatively compact open subset of Uo and for I G I, I = (ii, . . . , ii/i), 
we define 

Di = {p h < 0} n • • • n { Pl]I] < 0} n D 
d*i = {ph > 0} n • • • n { Pi|J| > 0} n D 
Si = {ph =o,...,p im =o}nD 

r} = {ph = ■■■ = pi^nD}. 

These manifolds are oriented as follows : Dj and Dj as C n for all I G X, Sj,-i as the 
boundary of for j = ±1, . . . , ±k, Sj as the boundary of ^j/jjis H f° r an ^ e 

\I\ > 2, T/ such that Si = <9F/ and M flDasS/ with J = {1, . . . , k}. 

If M is g-concave, it follows from Lemma 3.1.1 in [1] that we can choose the constant 
C in (|1.6p such that the functions pj, —k < j < k, j ^ 0, have the following property: for 
each / G I'(k) and every A G A/, the Levi form of the defining function p\ of M in the 
direction x(X) has at least q + k positive eigenvalues on U' CC U$. Then using the method 
developed in section 3 of [5] and the results in [6], we can construct, for each A G A/ a 
Leray section in the direction x(X), which has some holomorphy properties and depends 
smoothly on A and we get on U' x U' \ A ({/'), U' CC Uq, some Cauchy-Fantappie kernels 

C u {z,Q = f K u (z,C,X) 

for each / G 1'(k) (cf.[2]) such that, if we set Rm = Sjex'(fc) s g n (-0C/*> the associated 
integral operators T r satisfy the homotopy formula (ii) of Proposition fTTI with U = DDM. 

We can describe the singularity of the kernels Cj* in the following way. 

A form of type O s (or of type O s (z, Q, A)) on Dj x _D 7 x A/* is, by definition, a 
continuous differential form f(z, £, A) defined for all (z, £, A) G x x A/* with z 7^ C 
such that the following conditions are fulfilled : 

1. All derivatives of the coefficients of / which are of order in z, and of order < 1 in 
C and of arbitrary order in A are continuous for all (z, (, A) G D T x Di x A/* with 
z^(. 
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2. Let V?, k = 0, 1, be a differential operator with constant coefficients, which is of 
order in z, of order n in £ and of arbitrary order in A. Then there is a constant 
C > such that, for each coefficient (/?(z, £, A) of the form f(z, (, A), 

\v^(z,c,\)\<c\c-z\ s - K 

for all (z, C, A) € x D) x A/* with z ^ (. 
Following the calculations in [2], we get 

[K I 4z,(,\)] dcgX=lll Adz 1 A---Adz n = Q|/ ^n' m A d Pn( z ) A • • • A dpi m (z). (1.7) 

0<m<fc 
'mEJ 

and 

[^K/*(2;,C,A)] dogA= | I | Adzi A---Adz n = ^ "^rT" A dpi 1 (z) A • • • A dpi m (z). (1.8) 

0<m<fc 

The support function associated to the Leray section used to construct the kernels C/* 
satisfies for (, z in a neighborhood of J7' and A G A/* 

*(*, C, A) = 2 ^ §^(C)(Ci - «i) + O2 (1.9) 
i=i 

and 

Re <D(z, C, A) > p x (C) - Px (z) + 7 |C - z\ 2 . (1.10) 
Consequently, if Xq denotes a complex tangent vector field to M, then 

X^(z,C,\)=0 1 and Jfg*(a! J C,A) = Oi. (1.11) 

Moreover the function $(z, (, A) is of class C°° in its first variable z and of class C 1 ^ 1 in 
its second variable £ if the manifold M is of class C l . 

In the next sections we shall prove that in fact the operators T r and A r , 1 < r < q, 
satisfy sharp anisotropic estimates. 

2 First anisotropic estimates 

If M is a generic CR submanifold of a complex manifold X, the tangent bundle to M 
admits a maximal complex subbundle called the complex tangent bundle to M and denoted 
by HM. It is related to the CR structure of M by HM = TM n (H 0A M + H 0A M). 

Let us define now some anisotropic Holder spaces of forms which specify the complex 
tangent directions: 

- A a (D n M), < a < 1, is the set of continuous functions on D n M which are in 
C a / 2 (DnM). 
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- A 1+a (D n M), < a < 1, is the set of functions / such that / G C^ l+a ^ 2 {D n M) 
and X c / G C a/2 (D n M), for all complex tangent vector fields X c to M. Set 

ll/IUa=|l/ll(l+«)/2 + SUp ||X C /|| q/2 (2.1) 
ll*c||<i 

- A p+a (D n M), p > 2, < a < 1, is the set of functions / of class C [p/2] such that 
X/ G A p - 2+a (D n M), for all tangent vector fields X to M and X c / G D M), 
for all complex tangent vector fields Xc to M. 

The anisotropic Holder space of forms A% +a {D n M), p > 0, < a < 1, is then the 
space of continuous forms onDfl M, whose coefficients are in A p+a {D n M). 

This section is devoted to the study of the continuity properties with respect to these 
spaces of the operators T r and A r , 1 < r < q and n — k — q + 1 < r < n — k, defined in 
the previous section when M is g-concave. 

We first prove some estimates for the operators defined by the local kernels from the 
previous section. For this we may assume that M is embedded in C n . To clarify the 
exposition, we introduce a new kind of operators. 

Definition 2.1. Let m G N, e G {—1,0,1}, 5 > and I G Z'(k). An operator of type 
(m, e, 5) is, by definition, a map 

e ■. c^(r 7 )^c-(r 7 ) 

such that there exist 

• an integer k > 

• a differential form E(z, C, A) of type 0\ 1 \ +1 _2n+2K+m+e on x Dj x A/* such that 
for all / £ C° 

J( 2 ,A)er 7 xA 7 » {$ + d) K+m {z,(,X) 

where/ G Cq^IV) is the form with 

f(z) = f(z) Adz 1 A ■ ■ ■ A dz n , 

and 6 = 1, if m = 0, and either = dpi x A • • • A <9pi m or 6 = dp^ A • • • A <9/9j m , if 
m > 1 with ii, . . . ,i m £ I. 

We consider the operators C/*, / G 1'(k), defined by 

Ci*f(Q=f f(z)AC Im (z,0= f f(z)AK Im (z,C,X) (2-2) 

JzeDnM J(x,A)eBnMxA,, 

for / G Cj i r .(D), < r < n — k. Using Stokes formula we get 

CW(C)= / df( Z )AK I ,( z ,C,X) + (-l) n+r [ f(z)Ad z Kr*(z,(,\). 

i(2,A)er,xA,» i(z,A)erjxA ; , 

(2.3) 
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By (jl.7p and ( (|1.8|) the kernel Cj* is the sum of an operator of type (m, 1, 0) and of an 
operator of type (m,0, 0), < m < k, and if Xq denotes a complex tangent vector field 
to M, then by (jl.lip the kernels X^Ci* and X^C/* are the sum of an operator of type 
(m, 0, 0) and of an operator of type (m, — 1, 0), < m < k. 

To prove the anisotropic estimates we need the following spaces and norms on differ- 
ential forms : 

- B*(Ti), P > 0, is the space of forms / G C^(Tj \ M) such that, for some constant 
C > 0, 

||/(*)|| <c[dist(z,M)}-P, zer 7 , 

where dist(z,M) is the Euclidean distance between z and M. Set 

WfWp = sup (||/(*)||[dist(*,M)f) (2.4) 

for /3 > and / G b£(I». 

It follows from the characterization of Holder continuous functions by mean of the 
Poisson integral that, if / € C"(D n M), < a < 1, there exists for each I G 1'{k) a 
continuous form // on Tj such that fji M = f and Xjfi G £>J~ a (r7), for all vector fields 
Xj tangent to Tj, 

Lemma 2.2. If f G S* (IV), < /3 < 1, /ias compact support in D and if Ej is an operator 
of type (m, e, (5), then there exists a constant C > 0, independent of 5, such that for £ € Dj 

\E I f(()\<C\\fUdi S t((,M)+5] 1 / 2 -f 3 , if e = 

|£//(C)I <C||/|| /3 [dist(C,M)+<5]- /3 , if e = -1 

\Eif(()\ <C||/|| /3 [dist(C,M) + <5] 1 "' 3 , if e = l 

Proof. It follows from [5] and [2] that, after integration in A, an operator of type (m, e, 5) 
is controled, since n > 3, by 

| //| |cr 



r, + d + 5 + |C - ^| 2 )I^ =1 (|^| + d + 5 + |C - z|2)i+V*|C 



2n— k— s— 3— e ' 



with 1 < s < k, where pj is the function defined by pi(z) = p^{z) = • • • = Pi k (z) for z G Tj, 
d = d(Q = dist(C, M), a a monomial in dz±, . . . , dz n , dzi, . . . , dz n , t u = Im $(z, (, \ v ) and 
dt v = d z Im. 3>(z, C, \ u ) with A 1 , . . . , A fc+1 some points in A/* which are linearly independent 
in R k+1 , 

We denote all the constants by C. Then since d{z) < C\pi{z)\ for z G T/, we get 

11^/(011 < 

|/9r| -/3 |cr A dpiAl = idt v \ 



C\\f\\ 



r, (|p/| + d + 5+\(- z| 2 )n* =1 (|^| + d + 5 + |C - z| 2 ) 1+1 /*|C " z|2n-fc- S -3- 



for all / G B£(Tj) and C G D}. We can use /?/ as a coordinate in T/ and since M is generic 
the ij/'s can also be used as coordinates, so we obtain that 

\\Eif(0\\ < 

dyi A dy 2 A • • • A dy 2n -k+i 



c\\fh 



Vm M<c +1 dyil + IC-^| 2 ) n ^=l(l^l +d + 5+ | 2/ |2)l+l/s|y|2n-fc- S -3- 
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Since (3 < 1, we can integrate with respect to y\, which gives 

dy 2 A • • • A dy 2n -k+i 



ye M<c k { d + s + \y\ 2 Y^l=i(\yA + d + 5 + \y\ 2 ) 1+1 / s \y\ 2n - k - s - ? >- 



Then integrating with respect to y 2 , ■ ■ ■ , y s and using spherical coordinates, we have 

<- C dr 



mfm <c\\f\y 



o (d + 5 + r 2 y+ l r- 2 -t ' 
which proves the lemma following the values of e. □ 

In the same way, following again [5], we can prove estimates for the gradient of Ejf, 
when Ej is an operator of type (m, e, 5) and / G £>* (T/), < < 1. 

Lemma 2.3. If f £ B*(Tj), < (3 < 1, has compact support in D, Ej is an operator 
of type (m, e, 5) and if is one of the operators . . . , or ^=-, . . . , ^=- ? i/ien i/iere 

exists a constant C > independent of 5 such that for £ £ L>J 

|V C £//(C)| <C||/|| /3 [dist(C,M)+J]- 1 / 2 ^, if e = 
|V c ^i/(C)| < C\\fUdi S t(C,M)+5r 1 -P, if 6 = -1 
|V c E / /(C)|<C||/||^[dist(C,M) + <5]-^, if e = l 

Using the classical Hardy-Littlewood lemma, we deduce from Lemma 12.21 and Lemma 
\2.'6\ the following estimates for the operators C/* and X^C/* 

Proposition 2.4. Let f € B* (Tj), < j3 < 1, 6e a /orm wni/i compact support in D, then 

C u f € Cl /2 ~ P (D*j), if < /3 < 1/2 
C/*/ e 0f~ 1/2 (L>|), if 1/2 < /? < 1 

and 

X^.Cuf e Bf (£>|). 

Let us recall Lemma 5.3 and 5.5 from [2] 

Lemma 2.5. There exists Y\, . . . , tangential vector fields to M such that for all C, € Uq 
and all 1 < i,j < k 



i.i- 



where 5ij denotes the Kronecker index. 



If X z is a vector field on D in the variable z, we denote by X 1 ^ the same vector field 
in the variable 

Lemma 2.6. Let us fix 5 > 0, if Eg is the kernel of an operator of type (m,e,5), there 
exists r] > o such that for (z, £ Dj x Dj with \z — £| < rj and z ^ C, we have 



X*E 5 = -X<E S + ^'\ X<) ^ Y<E S + G S , 



(2.5) 



where Gg is a finite sum of kernels associated to operators of type (m, e,<5). 
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As regularity is a local problem, let us fix Co in D H M and choose a function x with 
compact support such that x( z ) = 1> if \ z ~ Col < v/^i and x(-z) = 0, if |z — Col > ? ?/2, 
where 77 is given by Lemma 12.61 

If / is a continuous form on DnM and // a continuous extension of / to Tj, we write 

Cuf(C) = C7*(x/)(C) + C7*((i - x)/)(C) 

As the singularity of the kernel associated to the operator C/* is concentrated on the 
diagonal, the regularity of the second term, for C G M with |C — Col < 77/4, is directly given 
by the regularity of this kernel, which is of class C°° in the first variable z and of class 
C l ~ 2 in the second variable C when M is of class C l . 

Theorem 2.7. Assume M is of class C l . The operator Rm = ^2j £ x'(k) s S n (I)Ci* ^ s a 
bounded linear operator from A* +a (D n M) into A* +1+a (D n M) for < p < 21 — 7 and 
< a < 1. 

Proo/. Let us first consider the case p = 0. Let / G A°(D n M), i.e. / G Cf /2 (I) n M), 
then there exists, for each I G X'{k), a continuous form // on T/ such that /jk = / and 

X/// G <B* a ^ 2 (Tj), for all vector fields Xj tangent to Tj. From the previous remark we 
have only to study C/*(x/)(0- Let us denote by Cj t the operator C/*, in which we have 
replaced $ by $> + 6. From Lemma 12.61 we get that for all vector fields Xj tangent to 
Ti U T*j, we have xjcf^xf = Cj^Xjxfi + Eixf , where Ei is a sum of operators of type 
(to, e, 5), e > 0. Let also Ac be a complex tangential vector field to M. 
We deduce from Lemma I2T21 that . for £ G Tj, 

l4ci( X /)(C)l <C ||X / (x//)|| /3 [dist(C,M) + ,5](^ 1 )/ 2 

and 

l4x c Ct(x/)(C)l < C" H^MI^distCCM) +5]"/ 2 " 1 , 

where C and C are constants independent of 5. Moreover XjCj^f and XjX^Cj^f 
converge respectively to XjCj^f and xjXcCj^f uniformly on each compact subset of 
Tr, when 5 tends to zero. This implies that xjdj G B { * a)/2 (T*j) and Af A C C/*/ G 
i3^° /2 (r*) and by the classical Hardy-Littlewood lemma that C u f G d a+1)/2 (D n M) 

and XcC^f G C? /2 (I3 n M), which means that C/*/ G „4i +Q CD n M). This ends the 
proof of this case by definition of the operator Rm- 

Assume now that p = 1. Let / G A\ +a (D n M), i.e. / G d 1+a)/2 (5 n M) and 
Ac/ G -4"(-D n M), where Ac is complex tangent to M. 

If we proceed as in the case p = 0, but using Lemma [2.31 at the place of Lemma [2 .2\ we 
can prove that, for each / G I'(k) and each vector field A tangent to M, V^C/*(xA^/) G 

a ^ 2 (Dj), which implies by the classical Hardy-Littlewood lemma that Ci*(xX z f) G 
C /2 (DDM). _ _ 

Using the case p = 0, we get that if X c f G A%(D n M), then RuX x cf G A|: +Q (P> n 
M). Moreover it follows from the proof of Theorem 5.6 in [2] that if Ac/ is continuous 
then Ac-Ra/(x/) an d PmxAc/ have the same regularity, consequently Ac-Rm(xZ) G 
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Al +a (D DM). By definition of the space Al +a (D n M), we have then proved that 

R M ( x f)eA 2 + a (DnM). 

Since by the proof of Theorem 5.6 in [2], if Xf is continuous for any vector field X 
tangent to M, then XRmJ and RmX^I have the same regularity, the theorem follows 
for p > 2, by a simple induction, from the definition of the spaces A* +a (D n M). □ 

Remark 2.8. Note that if we exchange the role played by the variables z and £ in the 
operator Rm, then Theorem 12.71 is valid for < p < 21 — 6 

Theorem 12.71 implies better regularity properties for the operators involve in Proposi- 
tion [1J] and Theorem 11.21 

Corollary 2.9. Under the hypotheses of Proposition ["PI and Theorem the operators 
T r , 1 < r < q andn — k — q+1 <r<n — k,in Proposition are bounded linear operators 
from A I ^ X (M) into A^^^{U) and the operators A r , 1 < r < q and n — k — q + 1 < r < 

n — k, in Theorem \l.%\ are bounded linear operators from An\ a (M, E) into »4?^_^ a (M, E). 

Proof. Since the operators T r from Proposition 11.11 are defined as the restrictions to 
C° r (M) of the operators Rm, if 1 < r < q — 1, and as the restrictions to C° r (M) of the op- 
erators Rm after exchanging the variables z and £ in the kernels, if n — k — q+1 < r < n — k, 
they are in fact bounded from Al+ r a {M) into J^-l( u )- 

Assume M is a compact ^-concave generic CR submanifold of a complex manifold X 
and E is an holomorphic vector bundle on X. Let us go back to the construction of the 
global operators A r (cf. [7] and [3j). First by globalizing the homotopy formula 11.21 by 
mean of a partition of unity, one get new linear operators T r bounded from A%]~ r a (M, E) 
into A p +r-x(M,E) and K r bounded from A p ^ r a {M,E) into A^ r 1+a {M,E) such that 

= - - ifr = °' (2.6) 

I dbT r f + T r+ \dbf if 1 < r < r — lorn — k — q + 1 <r <n — k . 

From functional analysis arguments we get linear operators T' r , 1 < r < q and n—k— q+1 < 
r < n - k, bounded from C^ r {M,E) into C™ r _ x (M,E) and K' r , < r < q - 1 and 
n — k — q+l<r<n— k, bounded from C® r (M, E) into C%° r (M, E) such that if 

N r = I + K r + K' r (2.7) 

then 

C°, r (M, E) = lmN r Ker7V r , KeriV r C C™ r (M, E). 

We set N r = N r + P r = I + R r , where P r denotes the linear projection with ImP r = K.eiN r 
and KerP r = lmN r . The operator R r is continuous from A^r a (M, E) into A^[^ +a (M, E) 
and hence compact as an endomorphism of Anr*(M, E). Consequently N r \ is a 

Fredholm endomorphism with index and as KeriVr = {0}, it is an isomorphism. Moreover 
iV" 1 = I — RrN' 1 , this implies that N^ 1 ] t11 is a continuous endomorphism of 

An~]r 1+a (M, E). The operators A r are then defined by 

f »-i l( r r + r;), i<k, 

I (Tr+T^N- 1 , n-k-q + l<r<n-k, 
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and hence continuous from A^ r a (M, E) into A^r +a (M, E). □ 

3 Second anisotropic estimates 

When they studied the tangential Cauchy-Riemann complex on the Heisenberg group and 
more generally on strictly pseudoconvex CR manifolds, Folland and Stein have introduced 
some anisotropic Holder spaces. 

Let M be a generic CR manifold of class C 3 and of real codimension k in a complex 
manifold X of complex dimension n and D be a relatively compact domain in X. Let 
X±, . . . , X2n-2k be a real basis of HM. A C 1 curve 7 : [0,r] — »■ M is called admissible if 
for every t € [0, r], 

where X] |cj(t)| 2 < 1. 

The Folland-Stein anisotropic Holder spaces T p+a {DC\M) are defined in the following 
way: 

- T a {D n M), < a < 1, is the set of continuous fonctions in D n M such that if for 
every xo € D n M 

sup l/(7W-/WI <oo 

7(0 11 

for any admissible complex tangent curve 7 through xq. 

- T p+a (D n M), p>l,0<a<l,is the set of continuous fonctions in M such that 
Xcf G P" 1+a (flnM), for all complex tangent vector fields X c to M. 

If M is g-concave, q > 1, the complex tangent vector fields and their first Lie brackets 
generates all the vector fields in a neighborhood of each point. Associated with the vector 
fields X±, . . . , A 2n _2fc we define a distance function dist(x,y) for any x,y E M to be the 
infimum of the set of all r for which there exists an admissible curve with 7(0) = x and 
7(7") = y. This distance function defines a family of nonisotropic balls B t {xq) = {x G 
M I dist(xo,x) < r} for each point xq G M. Let Ti, ... ,Tfc be real vector fields such 
that Xi, . . . , X2 n -2k)Ti, . . . , Tfe span the whole tangent space in a neighborhood of xo- 
Then for r sufficiently small, the ball B r (xo) has length comparable to r in the direction 
of Xi, . . . , X2n~2k and length comparable to r 2 in the direction of T\, . . . , (cf. [8]). 

A function u belongs to T a (D n M) if u is continuous onflflM and 

\u(x) — u{y)\ < C(dist(x, y)) a for every x,y E DC\M 

The Folland-Stein anisotropic Holder space of forms T P , +a (D n M), p>0, < a < 1, 
is then the space of continuous forms on D f] M, whose coefficients are in T p+a (D n M). 

We will now prove sharp estimates for the operators C/* ; I € I'(k), defined in Section 
[2] with respect to these spaces, for this we may assume that M is embedded in C n . 

Proposition 3.1. Assume M is of class C°° then the operators C/*, I € I'{k), are 
continuous from T^ +a (D n M) into T p ^ +1+a (D DM), p>0. 
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Remark 3.2. Note that in fact to get Propositon 13.11 for some p the manifold M needs 
only to be of class C p+4 and to be of class C p+2 if we exchange the role of z and £ in the 
kernel Cj*. 

Proof. For / € C n ^ r {D), < r < n — k, we set 



F(0 = C/./(C) = / /(*) A C7*(z, C) = / m A K u (z, (, A). 

Jz&DnM J(z,X)eDnMxA It 

Without loss of generality we can assume that f = fO with / £ Cq$(D) and € 
C~ r (I5). We set -0(C) = Ci*6(C), the differential form ip is then of class C°° (cf. Section 5 
in [2]) and for d and (2 in -D 

F(Ci)-F(c 2 ) = / (/(*)- /(Ci))^Wa(C / ,(z,Ci)-C / ,(z,C2) + 7(Ci)(V'(Ci)-V'(C2)). 



We first concider the case where p = 0. Let 7 be an admissible curve with 7(0) = Ci 

v u J (it 



and 7(r) = £2 we have to estimate d 2 (0) — d<yF °^ (r) when / E r"(D n M). We have 



c/w - 7h(o)))«(,) a ( dC '- ( ;; 7(0) (o) - ^tkfim (r)) 

+ /(7(0))(- s -(0)-- s -(r)). 

We set L»i = {z e flnl I \z - Ci| < 2|& - C2I} and D 2 = {z G SnM |js - Ci| > 
2|Ci - C2I} then D n M = D x U L> 2 . We then have 

1^(0) - ^(r)| £ „ + , 2 + |7 W 0))(^(0) - -^2 W ,| 

where 

ji = 1 jL (7w - 7(7(o>))(,(s) a c c,,( r ( ' )) (o ) - rfC,,( ; t ,7(0) "'))i 





dt 


dCi* 


{*M-)) ( 




dt [ 


dCu\ 


>>7(-))/ 
( 



and 



< / |/(*)-/( 7 (O))||0(*)|A 

+ [ \m - J{l(r))\\9{z)\ A r^~: •"■" {r)\ 
JzeD 1 at 

+ 1/(7(0)) - 7(7W)| / \e(z)\ A | dCf * ( f; 7(0) (r)l- 



* = I / (/» - J(7(0)))«(.) A ( " C '- ( ;; 7(0) (O) - dC ^: l( - )) (r))\ 

< I l/M - 7(7(o))||owi a | " Cj - ( ;; 7 '-» ( o) - dC M>\ r)l 



(3.1) 
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Let us first consider J\. The last term in (|3,ip is clearly controlled by C||/||r a ^ Q and 
both other integral terms in (|3,ip are of the same type. 

Note that since 7 is a complex tangent curve dCl *yfp{-n s = Q,r, involves only 
complex tangential derivatives of the part of degree A; in A of the kernel Kj*(z, £, A). As 
X^(f)(z, C, A) = Oi the coefficients of these derivatives are sums of terms of type k ( Z m , 
< m < k. Moreover the first order terms in <I>(z,^,A) are equivalent to the distance of 
z and C in the real tangential directions transverse to the complex tangent space (i.e. in 
the directions span by Ti, . . . , Ty. for a good choice of Tx, . . . , T^). Therefore [dist(z, ()] 2 = 
0(|$(z,C,A)|) and if fe P(OnM) we get for s = 0,r 

\f(z)-f( 7 (s))\=0(\HzMs)AT /2 ). 
The same calculations as in Section 5.1 of [2 J lead to the estimate 

Ji < C\\]\\r*r a . 

To estimate J2, it follows from Section 5.1 of [2] that the main point is to control the 
difference 

1 1 

$(z, 7 (0),A) " $(z, 7 (r),A)" 

Since [d^(z,"f(t), X) (t)]\ t=r = 0\ we have 



, 1 1 |< C V lT(0) ~ l(r)\Oi + 17(0) ~ l(r)\ 2 Oo 

'$(z, 7 (0),A) $(z, 7 (r),A)' " ^ |$^(*, 7 (0), A)| \$p+i ( z , 7 ( r ), A)| ' 

As for Ji following the estimations in Section 5.1 of [2] we get 

J 2 < C||/||r-^ 

and finally 

since / is bounded and ?/> is of class C . 

Using Lemma 12.61 we can derive the case p > 1 from the case p = in the same way 
as in the previous section and in Section 5.2 in [2]. □ 



It follows from Proposition 13.11 and from the definition of the operators T r and A r , 
1 < r < q and n — k — q + l<r<n — k, from Section Q] that Corollary 12.91 still holds if 
we replace the spaces An~]~ r a {M) and •A%?~ r *"(U) by the spaces r^"(M) and T P ^^(U) 

respectively and the spaces A^ r a {M, E) and A^ r 1 ^ 1 a (M,E) by the spaces T^ r a {M, E) 

and T 1 ^ r r 1 ^ 1 a (M, E) respectively. 
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